The spontaneously broken U (1)Y -hypercharge Abelian Higgs model (AHM) (i.e. the spontaneous symmetry breaking (SSB) gauge theory of a complex scalar φ =
1 e H ∂µπ absorbs it, as if it were a gauge transformation. Our U (1)Y WTI are then "hidden" from observable particle physics.
While the AHM has only one scale m 2 BEH , and so there are no ratios of scales to require fine-tuning, our regularization-scheme-independent, WTI-driven results are unchanged by the addition of certain heavy U (1)Y matter representations (M W eak . Including all loops containing virtual gauge bosons, fermions, scalars and ghosts, we prove that certain heavy degrees of freedom decouple completely from the U (1)Y low-energy effective SSB AHM Lagrangian, contributing only irrelevant operators after quartic-coupling renormalization. We also display a nondecoupling exception: heavy type 1 See-saw ν M ajorana R cannot completely decouple, but becomes invisible in practice.
The NGBπ decouples as usual, hiding the WTI. But our "Hidden SSB U (1)Y WTI," and their embedded shift symmetryπ →π + H θ, have protected the low-energy SSB AHM theory (i.e. its observable particle spectrum and dynamics) from loop contributions of heavy particles! Gaugeindependent observable weak-scale (m W eak ? The current consensus * bryan.lynn@cern.ch, gds6@case.edu , † deceased in the theoretical physics community is that, without the imposition of further new symmetry, they cannot: the scale of spontaneous symmetry breaking (SSB) will "naturally" rise from m 2 W eak to M 2 Heavy and only there will it be quantum-mechanically stable. Alternately, one is forced to fine-tune the theory, cancelling O(M 2 Heavy ) quantum loop contributions against similarly large bare counter-terms order-by-order to obtain weak-scale physical quantities such as the mass m BEH ∼ O(100GeV ) of the Brout-Englert-Higgs (BEH) boson [1, 2] and similar
Its symmetric µ 2 S > 0 Wigner mode is Bare-FT [3] . It is also Bare-FT in its µ 2 S < 0 SSB mode [3] , which spontaneously breaks the Z 2 symmetry, because (crucially, as we see below) it has no Goldstone theorem or associated Nambu-Goldstone Bosons. 2 This BEH Fine tuning problem is separate from the Hierarchy problem -the philosophical quesiton of why the ∼ 100GeV scale of weak interactions is orders of magnitude smaller than that of gravity ∼ 2×10 19 GeV -but they are often confused or conflated. 3 In June 2011 [12] one of us introduced the idea of the "Goldstone Exception" (though not the term) for the SM, and showed that the ultra-violet quadratic divergences (UVQD) of the SM did not yield an BEH-FT problem. A December 2011 pedagogical companion paper [13] simplified UVQDs in the context of the global Gell-Mann-Lévy model [14] , and named that concept. We defined "Goldstone Exceptional Naturalness" in [15] and showed that the Goldstone theorem protects the weak-scale global SSB SO(2) Schwinger model [16] (i.e. against 1-loop relevant operators ∼ M 2 Heavy m 2 W eak which arise from virtual heavy particles) by way of 2 explicit 1-loop examples: a real singlet scalar S and a singlet Majorana neutrino ν R with M 2 S , M 2 ν R |q 2 |, H 2 . Ref [17] pushed those heavy-particle decoupling (and no-BEH-FT) results, for S = 0, to all-loop-orders, using 2 towers of recursive SU (2) L × U (1) Y WTI, while including the virtual effects of the lightest generation of SM quarks and leptons.
gauge boson. The crucial advance over [17] , which considered the global SU (2) L × U (1) Y Linear Sigma Model, is a proof that the WTI remain in place in a SSB gauge theory, and the Goldstone Theorem continues to successfully play its protective role.
We call such [15] theories, which are protected from quantum instability by the Goldstone Theorem, Goldstone Exceptionally Natural (GEN). GEN is simply another (albeit unfamiliar) consequence of Ward-Takahashi Identities (WTI), spontaneous symmetry breaking (SSB) and the Goldstone theorem, and is a new exact property of the SSB vacuum and spectrum of the U (1) Y AHM [22] . It is the standard of naturalness/no-FT in this paper. This suppression of FT is far more powerful than G. 't Hooft's [3, 23] widely accepted criteria. 4 Our GEN approach to the fine-tuning question differs markedly from myriad other proposals. Leaving aside the standard supersymmetric or Technicolor approaches, some start from the perspective of conformal invariance [24, 25] , or suggest that the running of standard model parameters returns the Higgs mass at high momentumsquared to its low momentum-squared value [26, 27] , or aims to identify classes of heavy BSM fermion and scalar matter that don't destabilize the Higgs mass [28] [29] [30] . None link "naturalness" or heavy-matter decoupling to spontaneous symmetry breaking or the Goldstone Theorem.
The usual fine-tuning viewpoint prefers to cast FT in terms of bare parameters (eg. µ π and H ), and prefers the unitary Kibble representation of this AHM scalar as opposed to the linear one (in which renormalization is straightforward, and the symmetric H = 0 Wigner mode makes sense). That usual view thereby misses two crucial observations: that all ultra-violet quadratic divergences (UVQD) and finite relevant operator contributions are absorbed into the pseudo-NGB mass-squared m 2 π which appears in intermediate steps of calculations; that a zero value for this m 2 π , and therefore for the only combination of UVQD and relevant operator contributions to physical observables, is protected by the Goldstone theorem.
Our no-FT results rely solely on the rigid U (1) Y WTIs that govern the scalar-sector of the AHM and of the extensions we consider in Section III. They are therefore independent of regularization-scheme (assuming one exists). Although not a gauge-independent procedure, it may help the reader to imagine that loop integrals are cut off at a short-distance finite Euclidean UV scale, Λ, never taking the Λ 2 → ∞ limit. Although that cut-off can be imagined to be near the Planck scale Λ M P l , quantum gravitational loops are not included.
The reader should note that this paper concerns stability and protection of the Abelian Higgs model against UVQD (and, in Section III, finite relevant) operators. It does not address any of the other, more usual, stability issues of the Standard Model (cf. the discussion in, for example, [31] , and references therein).
The structure of this paper is as follows: Section II concerns the correct renormalization of the spontaneously broken AHM in Lorenz gauge. We treat the AHM in isolation, as a stand-alone flat-space weakscale quantum field theory, not embedded or integrated into any higher-scale "Beyond-AHM" physics.
• Subsection II A defines the Abelian Higgs model
• Subsection II B builds a conserved rigid/global AHM current in Lorenz gauge, and reminds [32] us that the rigid/global U (1) Y charge is not conserved, even for the physical states.
• Sub-section II C constructs the φ-sector effective Lagrangian from those WTIs which govern 1-(h, π) Scalar-Particle-Irreducible (1-φ-I) connected amputated Green's functions.
• Subsection II D further contrains the φ-sector effective Lagrangian with those WTIs which govern 1-(h, π)-Reducible (1-φ-R) φ-sector connected amputated on-shell T-Matrix elements, especially the Goldstone theorem.
Section III extends our AHM results to include the allloop-orders virtual contributions of certain M 2 Heavy m 2 W eak heavy U (1) Y matter representations (which might arise in certain Beyond-AHM models).
• Subsection III A constructs the effective Lagrangian for the extended-AHM, and proves 3 decoupling theorems.
• Subsection III B gives an example of complete heavy-physics decoupling without fine-tuning: a virtual singlet M 2 S m 2 W eak real scalar field S with discrete Z 2 symmetry and S = 0
• Sub-section III C includes the virtual effects of the lightest generation of spin S = • Sub-section III D gives an example of "almost complete" heavy-physics decoupling (with a nondecoupling "practical invisibility" subtlety) without a FTP: a virtual singlet right-handed Type I See-saw Majorana neutrino ν R with M
Section IV reminds [32] us that the NGBπ disappears from the observable particle spectrum of the extended-AHM, carrying with it any fine-tuning problem due to heavy M 2 Heavy m 2 W eak Beyond-AHM particles.
• Subsection IV A reminds [32] us that the SSB extended-AHM's observable particle spectrum excludes the NGBπ, precisely because it is a spontaneously broken U (1) Y gauge theory.
• Sub-section IV B derives our 4th and 5th decoupling theorems, and shows complete decoupling, due to SSB, of heavy M Section V discusses the exacting mathematical rigor which would have fully satisfied Raymond Stora.
Section VI reminds us that historically (with an important exception) the decoupling of heavy particles is the usual experience of physics.
Appendix A gives detailed derivation, to be used here and in [32] , of the U (1) Y WTIs governing the φ-sector of the AHM. Our renormalized WTIs include all contributions from virtual transverse gauge bosons; φ-scalars; ghosts; A µ ; h, π;ω, ω; respectively. Appendix B gives detailed derivation, to be used here and in [32] , of U (1) Y (h, π)-sector WTIs, which now include the all-loop-orders contributions of certain additional U (1) Y matter representations: spin S = 0 scalars Φ, and S = 1 2 fermions ψ. They include all contributions from virtual transverse gauge bosons; ghosts, scalars; and fermions: A µ ; h, π;ω, ω; Φ; ψ;.
II. THE ABELIAN HIGGS MODEL (AHM) IN LORENZ GAUGE

A. The Abelian Higgs model in Lorenz gauge
The BRST-invariant [33] [34] [35] Lagrangian of the U (1) Y AHM gauge theory may be written, in Lorenz gauge, in terms of exact renormalized fields: a transverse vector A µ , a complex scalar φ, a ghost ω, and an anti-ghostω :
with
and
Also
The complex scalar φ is manifestly renormalizable in the linear representation (5) . We shall see below that m
φ H 2 . This paper distinguishes carefully between the local BRST-invariant U (1) Y Lagrangian (2), and its 3 physical modes [36] [37] [38] [39] [40] : symmetric Wigner mode, classically scale-invariant point, and physical Goldstone mode.
1) Symmetric Wigner mode
This is QED with massless photons and massive charged scalars. All UVQD ∼ Λ 2 and finite relevant operators in the AHM are absorbed into the pseudo NambuGoldstone boson mass-squared m Thankfully, Nature is not in Wigner mode! Further analysis and renormalization of the Wigner mode lies outside the scope of this paper.
2) Classically scale-invariant point
Analysis of the quantum scale-invariant point is outside the scope of this paper.
3) Spontaneously broken Goldstone mode
The "famous" Abelian Higgs model, with its NambuGoldstone boson (NGB) "eaten" by the Brout-EnglertHiggs mechanism (and, as we will see, WTI governed by the Goldstone theorem) is actually only the SSB "Goldstone mode" of the BRST-invariant local Lagrangian (2), and is the subject of this paper.
We work in Lorenz gauge for many reasons:
• The U (1) Y ghosts (ω, ω) decouple from the quantum loop dynamics, and can (and will) be benevolently ignored going forward.
• After a subtlety concerning their mixing, π and A µ are orthonormal species. A term ∼ A µ ∂ µ π arises from |D µ φ| 2 after SSB in (2), A term ∼ π∂ µ A µ is shown to vanish for physical states in (A4,B4). The resultant surface term ∂ µ πA µ vanishes (for physical states) because A µ is massive,
• Only in the SSB Goldstone mode of the BRSTinvariant Lagrangian (2), and only after first renomalizing in the linear φ representation, does the renormalized Kibble φ unitary representation
make sense. Here the φ-hypercharge Y φ = −1.
• We will prove an all-loop-orders Goldstone theorem (34,A27) which forces the π mass-squared m 2 π = 0.
• We use "pion-pole dominance" (i.e. m 2 π = 0) arguments to derive U (1) Y SSB WTIs (33,A22,A30).
• We prove [32] with U (1) Y WTI that, in SSB Goldstone mode,π in (7) is a Nambu-Goldstone boson (NGB), and that the resultant SSB gauge theory has a "shift symmetry"π →π + H θ for constant θ.
Analysis is done in terms of the exact renormalized interacting fields, which asymptotically become the in/out states, i.e. free fields for physical S-Matrix elements.
The most important issue for fine-tuning (and heavy particle decoupling) is the classification and disposal of relevant operators, in this case the π, h and A µ inverse propagators (together with tadpoles). Define the exact renormalized pseudo-scalar propagator in terms of a massless π, the Källén-Lehmann [36, 41] spectral density ρ π AHM , and wavefunction renormalization Z φ AHM . In Lorenz gauge:
Define also the BEH scalar propagator in terms of a BEH scalar pole and the (subtracted) spectral density ρ BEH , and the same wavefunction renormalization. We assume h decays weakly, and resembles a resonance:
Although m 2 BEH;pole may (or may not!) be FT, the spectral density parts of the propagators
are certainly not fine-tuned. Dimensional analysis of the wavefunction renormalizations (8, 9) , shows that the contribution of a state of mass/energy ∼ M Heavy to the spectral densities ρ In their seminal work, E. Kraus and K. Sibold [42] identified, in the Abelian Higgs model, an anomaly-free "deformed" rigid/global U (1) Y symmetry as a rigid subset of that anomaly-free deformed local/gauge symmetry.
The SSB case is tricky: neither the usual gauge/local symmetry, nor even its restriction to a rigid/global symmetry (where the gauge transformations are taken to be independent of position), commute with global BRST symmetry. Only deformed versions of them do.
Kraus and Sibold then constructed deformed WardTakahashi Identities (WTI), allowing them to demonstrate (with appropriate normalization conditions) proof of all-loop-orders renormalizability and unitarity for the SSB Abelian Higgs model. Because their renormalization relies only on deformed U (1) Y WTI, Kraus and Sibold's results are independent of regularization scheme, for any acceptable scheme (i.e. if one exists). WTI, all-loop-orders renormalized QED, QCD,and the electroweak Standard Model [43] [44] [45] to be independent of regularization scheme. From this grew the powerful technology of "Algebraic Renormalization", used by them, W. Hollik and others [46] , to renormalize SUSY QED, SUSY QCD, and the MSSM.
Nevertheless, Slavnov-Taylor identities [47] prove that the on-shell S-Matrix elements of "physical particles" (i.e. spin S = 0 scalars h, π, and S = 1 transverse gauge bosons A µ , but not fermionic ghosts (ω, ω)) are independent of the usual undeformed anomaly-free U (1) Y local/gauge transformations, even though these break the Lagrangian's BRST symmetry.
We therefore observed in [32] that SSB S-Matrix elements are therefore also independent of anomaly-free undeformed U (1) Y global/rigid transformations, resulting in a "new" global/rigid current and appropriate undeformed U (1) Y Ward-Takahashi identities. All this is done without reference to the unbroken Wigner mode and scale-invariant point.
We are interested in rigid-symmetric relations among 1-(h, π)-Irreducible (1-φ-I) connected amputated Green's functions Γ N,M , and among 1-(h, π)-Reducible (1-φ-R) connected amputated transition-matrix (T-Matrix) elements T N,M , with external φ scalars. It is convenient to use the powerful old tools (e.g. canonical quantization) from Vintage Quantum Field Theory (Vintage-QFT), a name coined by Ergin Sezgin.
We focus on the rigid/global AHM current 6 , which transforms as an axial-vector
Rigid/global transformations of the fields are as usual: from the equal-time commutators (A7)
serves as a "proper" local current, for commutator purposes.
In contrast, [32] showed that, in Lorenz gauge, U (1) Y AHM (and therefore also extended U (1) Y AHM) has no 6 This is related to the rigid/global hypercharge current of the Global Dirac Neutrino Standard Model (ν D SM G ) explored in [17] : replace π → π 3 , π 2 → π 2 ; un-gauge Aµ; add a charged pion current π 2 ∂ µ π 1 −π 1 ∂ µ π 2 ; add SM quarks (3 colors, 6 flavors) and leptons (3 charged flavors); add three ν R with SSB Dirac masses mν ; change the overall sign J µ;SoM odif ied AHM
The classical equations of motion reveal a crucial fact: due to gauge-fixing terms in the BRST-invariant Lagrangian (2), the classical current (10) is not conserved. In Lorenz gauge
with F A the gauge fixing condition.
But the the global U (1) Y current (10) is conserved by the physical states [32] , and therefore still qualifies as a "real current". Strict quantum constraints are imposed, which force the relativistically-covariant theory of gauge bosons to propagate only its true number of quantum spin S = 1 degrees of freedom: these constraints are, in the modern literature, implemented by use of spin S = 0 fermionic Fadeev-Popov ghosts (ω, ω). The physical states and their time-ordered products, but not the BRST-invariant Lagrangian (2), then obey G. 't Hooft's [48] Lorenz gauge gauge-fixing condition interpreted as follows for the φ-sector connected time-ordered product
Here we have N external renormalized scalars h = H − H (coordinates x, momenta p), and M external (CP = −1) renormalized pseudo-scalars π (coordinates y, momenta q). Eqn. (13) restores conservation of the rigid/global U (1) Y current for φ-sector connected time-ordered products [32] 0|T
×h(
It is in this "physical" connected-time-ordered-product sense that the rigid global U (1) Y "physical current" is conserved: the physical states, but not the BRSTinvariant Lagrangian (2) , obey the physical current conservation equation (14) . It is this "physical conserved current" which generates our U (1) Y WTI [32] . Appendix A derives 2 towers of quantum U (1) Y WTIs, which exhaust the information content of (14) , and severely constrain the dynamics (i.e. the connected timeordered products) of the φ-sector physical states of the SSB AHM.
We might have hoped to build a conserved charge by restricting it to physical connected time-ordered products
Connected where we have used Stokes theorem, and z 2−surf ace µ is a unit vector normal to the 2-surface. The time-orderedproduct constrains the 2-surface to lie on-or-inside the light-cone.
At a given point on the surface of a large enough 3-volume d 3 z (i.e. the volume of all space), which lies onor-inside the light cone, all fields on the z 2−surf ace : are asymptotic in-states and out-states; are properly quantized as free fields; with each field species orthogonal to the others; and evaluated at equal times, so that timeordering is unnecessary.
But (15) does not vanish [32] because, after SSB, a specific term in J µ AHM in (10)
does not vanish. π is massless (in Lorenz gauge) in the SSB AHM, capable of carrying (along the light-cone) long-ranged pseudo-scalar forces out to the very ends of the light-cone (z LightCone → ∞), but not inside it. Eqns. (15, 16) then show that the spontaneously broken U (1) Y AHM charge is not conserved, even for connected time-ordered products [32] , in Lorenz gauge
dashing all further hope. The simplest, most powerful, and most general proof of the Goldstone theorem [18, 19, 52 ] requires a conserved charge d dt Q = 0, so that proof fails for spontaneously broken gauge theories. This (of course) is a very famous result [49] [50] [51] [52] , and allows the spontaneously broken AHM to generate a mass-gap m A for the vector A µ , and avoid massless particles in its observable physical spectrum. This is true, even in Lorenz gauge, where there is a Goldstone theorem, π is massless, andπ is a NGB [51, 52] .
Massless π is the basis [32] (18) is valid for N, M ≥ 0. On the left-hand-side of (18) there are N renormalized h = H − H external legs (coordinates x, momenta p), M renormalized (CP = −1) π external legs (coordinates y, momenta q), and 1 renormalized soft external π(k µ = 0) (coordinates z, momenta k). "Hatted fields with momenta" ( p n , q m ) are omitted.
The rigid U (1) Y WTI "1-soft-pion theorems" (18) relate a 1-φ-I Green's function with (N + M + 1) external fields (which include an extra zero-momentum π), to two 1-φ-I Green's functions with (N + M ) external fields. 7 are not themselves gauge-independent. Furthermore, although 1-φ-I, they are 1-A µ -Reducible (1-A µ -R) by cutting a transverse A µ gauge boson line.
The 1-φ-I π and h inverse propagators are:
We can now form the φ-sector effective momentum space Lagrangian in Lorenz gauge. All perturbative quantum loop corrections, to all-loop-orders and including all UVQD, log-divergent and finite contributions, are included in the φ-sector effective Lagrangian: 1-φ-I Green's functions Γ N,M (p 1 ...p N ; q 1 ...q M ); wavefunction renormalizations; renormalized φ-scalar propagators (8, 9) ; the BEH VEV H (A35); all gauge boson and ghost propagators. This includes the full all-looporders renormalization of the AHM φ-sector, originating in quantum loops containing transverse virtual gauge bosons, φ-scalars and ghosts: A µ ; h, π;ω, ω respectively. Because they arise entirely from global U (1) Y WTI, our results are independent of regularization-scheme [42] .
We want to classify operators arising in AHM loops, and separate the finite operators 8 from the divergent ones. We focus on finite relevant operators, as well as quadratic and logarithmically divergent operators, which may cause a fine-tuning problem.
There are 3 classes of finite operators, which cannot generate fine-tuning in the AHM:
are finite dimension Dim > 4 operators, where only the light degrees of freedom A µ ; h, π;ω, ω contribute to all-loop-orders renormalization;
• O Dim≤4;N onAnalytic AHM are finite dimension Dim ≤ 4 operators which are non-analytic in momenta or in a renormalization scale µ 2 (e.g. finite renormalization-group logarithms).
All such operators will be ignored.
Such finite operators appear throughout the U (1) Y Ward-Takahashi IDs (18) :
• The left hand side of (18) 
Finally, there are N + M ≤ 4 operators that are analytic in momenta. We expand these in powers of momenta, count the resulting dimension of each term in the operator Taylor 
The Ward-Takahashi IDs (18) for Greens functions severely constrain the effective Lagrangian (21).
• WTI N = 0, M = 1 Γ 1,0 (0; ) = H Γ 0,2 (; 00) (22) since no momentum can run into the tadpoles.
•
9 In previous papers on SU (2) L ×SU (2) R Gell-Mann-Lévy [14] , we have written this N = 1, M = 1 WTI as a mass-relation between the BEH h scalar and the pseudo-Nambu-Goldstone boson π pseudo-scalar. In the Källén-Lehmann representation
H Γ 2,2 (00; 00) = Γ 3,0 (000; ) − 2Γ 1,2 (0; 00) (25) • WTI N = 0, M = 3 H Γ 0,4 (; 0000) = 3Γ 1,2 (0; 00) (26) • WTI N = 1, M = 3 0 = 3Γ 2,2 (00; 00) − Γ 0,4 (; 0000) (27) • WTI N = 3, M = 1 0 = Γ 4,0 (0000; ) − 3Γ 2,2 (00; 00) (28)
• The quartic coupling constant is defined in terms of a 4-point 1-φ-I Green's function
The all-loop-orders renormalized φ-sector momentumspace effective Lagrangian (21) -constrained only by those U (1) Y WTI governing Greens functions (18) -may be written
with finite non-trivial wavefunction renormalization
The φ-sector effective Lagrangian (30) has insufficient boundary conditions to distinguish among the 3 modes [36] [37] [38] [39] of the BRST-invariant Lagrangian L AHM in (2). For example, the effective potential V Ef f ;W igner;SI;Goldstone AHM ;φ;Lorenz becomes in various limits:
The inclusive Gell-Mann Lévy [14] effective potential derived [13] from B.W. Lee's WTI [36] , reduces to the three different effective potentials of the global
But (30) has exhausted the constraints (i.e. on the allowed terms in the φ-sector effective Lagrangian) due to those U (1) Y WTIs which govern 1-φ-I φ-sector Green's functions Γ N,M (18, A31). In order to provide boundary conditions which distinguish between the effective potentials in (32), we must turn to those U (1) Y WTIs which govern φ-sector 1-φ-R T-Matrix elements T N,M .
D. Further constraints on the φ-sector effective
Lagrangian: IR finiteness; Goldstone theorem; automatic tadpole renormalization; π is a NGB; gauge-independent observable m
"Whether you like it or not, you have to include in the Lagrangian all possible terms consistent with locality and power counting, unless otherwise constrained by Ward identities." Kurt Symanzik, in a private letter to Raymond Stora [66] In strict obedience to K. Symanzik's edict, we now further constrain the allowed terms in the φ-sector effective Lagrangian with those U (1) Y Ward-Takahashi identities which govern 1-φ-R T-Matrix elements T N,M .
In Appendix A, we extend Adler's self-consistency condition (originally written for the SU (2) L × SU (2) R Gell-Mann-Lévy model with PCAC [67, 68] ), to AHM in Lorenz gauge (A22)
The T-matrix vanishes as one of the pion momenta goes to zero (i.e. 1-soft-pion theorems), provided all other physical scalar particles are on mass-shell. Eqn. (33) also "asserts the absence of infrared (IR) divergences in the scalar-sector (of AHM) Goldstone mode (in Lorenz gauge). Although individual Feynman diagrams are IR divergent, those IR divergent parts cancel exactly in each order of perturbation theory. Furthermore, the Goldstone mode amplitude must vanish in the soft-pion limit" [36] .
The N = 0, M = 1 case of (33) is the Goldstone theorem (A27) itself [36] :
Since the 2-point T 0,2 is already 1-φ-I, we may write the Goldstone theorem as a further constraint on the 1-φ-I Greens function
Another crucial effect of the Goldstone theorem, together with the N = 0, M = 1 U (1) Y Ward-Takahashi Greens function identity (18) , is to automatically eliminate tadpoles in (21) Γ 1,0 (0; ) = H Γ 0,2 (; 00) = 0 (36) so that separate tadpole renormalization is un-necessary. We re-write the effective potential (30) but now including the constraint from the Goldstone theorem (34, 35) :
and wavefunction renormalization
so the φ-sector Goldstone mode effective coordinate space Lagrangian becomes
Eqn. (39) is the φ-sector effective Lagrangian of the spontaneously broken Abelian Higgs model, in Lorenz gauge, contrained by the Goldstone theorem:
11 11 Imagine we suspected that π is not all-loop-orders massless in Lorenz gauge SSB AHM, and simply/naively wrote a masssquared m 2 π:P ole (which we even imagined to be fine-tuned!) into the π inverse-propagator
But the Goldstone theorem (35) insists instead that
The π-pole-mass vanishes exactly, and is GEN not FT.
) and finite terms which arise, to all perturbative looporders in the full U (1) Y gauge theory, due to virtual transverse gauge bosons, φ scalars and ghosts; A µ ; h, π;ω, ω respectively.
• It obeys the Goldstone theorem (34, 35) and all other U (1) Y Ward-Takahashi Green's function and T-Matrix identities;
• It is minimized at (H = H , π = 0); and obeys stationarity [40] of that true minimum;
• It preserves the theory's renormalizability and unitarity, which require that wavefunction renormalization, H Bare = Z In order to make manifest thatπ is a true NGB [47, 69] in Lorenz gauge, re-write (39) in the unitary Kibble representation. [31, 69] with Y φ = −1 the φ hypercharge. In coordinate space
shows thatπ has only derivative couplings and, for constant θ, a shift symmetrỹ
The Green's function Ward-Takahashi ID (18) for N = 1, M = 1, constrained by the Goldstone theorem (35), relates the BEH mass to the coefficient of the hπ 2 vertex
Therefore, the BEH mass-squared in (43)
arises entirely from SSB, as does (together with its AHM decays) the gauge-independent observable resonance pole-mass-squared
where the spectral densityρ fermions ψ, we would already be in a position to comment on their de-coupling. Unfortunately, although the literature seems to cite such proxy, it is simply not true. In order to prove theorems which reveal symmetry-driven results in gauge theories, one must keep all of the terms arising from all Feynman graphs; i.e. not just "a selection of interesting terms from a representative subset of Feynman graphs" (Ergin Sezgin's dictum). : In Appendix B we derive a tower of recursive U (1) Y WTI (B18) which govern connected amputated 1-φ-I Green's functions for the extended-AHM:
includes the all-loop-orders renorma;ization of the φ-sector SSB extended-AHM, including virtual transverse gauge bosons, φ-scalars, ghosts new scalars, and new fermions: A µ ; h, π;ω, ω; Φ; ψ; respectively. There are 4 classes of finite operators in the full SSB extended-AHM gauge theory, which can generate neither fine-tuning nor "non-decoupling" of heavy particles
• Finite O Dim>4;Light E−AHM ;φ are dimension Dim > 4 operators, where only the light degrees of freedom, including ghosts (ω, ω) and (Φ Light , ψ Lght ), contribute to all-loop-orders renormalization.
• O Dim≤4;N onAnalytic;Light E−AHM ;φ are finite dimension Dim ≤ 4 operators, which are non-analytic in momenta or in a renormalization scale µ 2 , where only the light degrees of freedom A µ ; h, π;ω, ω; Φ Light ; ψ Light contribute to all-looporders renormalization.
• O In addition O Dim≤4;N onAnalytic;Heavy E−AHM ;φ are finite dimension Dim ≤ 4 operators, which are non-analytic in momenta or in a renormalization scale µ 2 , where the heavy degrees of freedom Φ Heavy ; ψ Heavy contribute to all-looporders renormalization. Analysis of these operators lies outside the scope of this paper.
All such operators will be ignored 
• The left hand side of (48) 
The U (1) Y Ward-Takahashi IDs (48) severely constrain the effective Lagrangian of the extended-AHM.
since no momentum can run into the tadpoles.
(00; 00) = Γ (0; 00) (53)
(; 0000) = 3Γ (0; 00) (54) (; 0000) (55)
(00; 00) (56)
• The quartic coupling constant is defined in terms of a 4-point 1-SPI connected amputated GF
The all-loop-orders renormalized φ-sector effective Lagrangian (50), severely constrained only by the U (1) Y WTI governing connected amputated Greens functions (48) , may be written
The φ-sector effective Lagrangian (58) for the extended-AHM has in-sufficient boundary conditions to distinguish between the 3 modes of the BRSTinvariant Lagrangian L E−AHM . 12 The effective potential V W igner,SI,Goldstone E−AHM ;φ in (58) becomes in various limits: 12 It is instructive, and dangerous and famously worrisome, to ignore vacuum energy and re-write the potenial in (58) as: 
where the C's are constants. It is fashionable to simply drop the UVQD term C Λ Λ 2 in (61), and argue that it is somehow an artifact of dimensional regularization (DR), even though M.J. G. Veltman [70] showed that UVQD do appear at 1-loop in the SM, and are properly handled by DR's poles at dimension Dim = 2. We call this "the Dim-Reg Herring." We will keep UVQD.
Wigner mode where H = 0: 
But (58) has exhausted the constraints (i.e. on the allowed terms in the φ-sector effective extended-AHM Lagrangian) due to those U (1)
:
In order to provide such boundary conditions (i.e. which distinguish between the effective potentials in (65)), we turn to the off-shell T-Matrix and strict obedience to the wisdom of K. Symanzik's edict at the top of Subsection II D: "... unless otherwise constrained by Ward identies". We can further constrain the allowed terms in the φ-sector effective extended-AHM Lagrangian with those U (1) Y Ward-Takahashi identities which govern 1-φ-R T-Matrix elements.
In Appendix B, we derive 3 such identities governing 1-
in the φ-sector of the extended-AHM.
Wigner mode is therefore quantum-loop unstable, because the heavy scale cannot decouple from the weak scale! Eqn. (62) is the basis of the so-called "BEH fine-tuning problem", and the motivation for much BSM physics. By GEN standards, weakscale m 2 BEH in Wigner mode is indeed fine-tuned. The Scale-Invariant point's FT properties are beyond the scope of this paper.
Spontaneously broken Goldstone mode, where H = 0: In obedience to the Goldstone theorem (67,B15) below, the bare counter-term µ 2 φ;Bare in (61) is defined by
We show below that, for constant θ, the zero-value in (63) is protected by the NGB shift symmetrỹ
In addition, minimization of (60) violates stationarity of the true minimum at H [40] , and destroys the theory's renormalizability and unitarity, which require that dimensionless wavefunc-
H contain no relevant operators [12, 40, 41] . The crucial observation is that, in obedience to the Goldstone theorem, Renormalized( H 2 Bare ) = H 2 F T in Lorenz gauge SSB extended-AHM. If one persisted in regarding µ 2 φ;Bare or H 2 as FT, they would have to be FT to ∼ 10 ∞ to satisfy (63) , not just a mere ∼ 10 34 . That of course is the nature of symmetry: e.g. (64) . SSB Goldstone mode extended-AHM is Goldstone Exceptionally Natural, not fine-tuned. • Adler self-consistency conditions (originally written for the global SU (2) L × SU (2) R Gell-MannLévy model with PCAC [67, 68] ) constrain the extended-AHM gauge theory's effective φ-sector Lagrangian in Lorenz gauge (B10)
The extended-AHM T-matrix vanishes as one of the pion momenta goes to zero (i.e. 1-soft-pion theorems), provided all other physical scalar particles are on mass-shell. Eqn. (66) also "asserts the absence of infrared (IR) divergences in the (φ-sector extended-AHM) Goldstone mode (in Lorenz gauge). Although individual Feynman diagrams are IR divergent, those IR divergent parts cancel exactly in each order of perturbation theory. Furthermore, the Goldstone mode amplitude must vanish in the 1-soft-pion limit [36] ".
• The N = 0, M = 1 case of (66) is the Goldstone theorem (B15) itself [32, 36] :
(; 00) = 0
(; 00) = 0 (67)
as the 1-φ-R φ-sector TMatrix with one soft π(q µ = 0) attached to an external-leg as in Figure 1 . Now separate
Appendix B (B17) proves that
The U (1) Y WTIs (48,B18) governing 1-φ-I connected amputated Greens functions Γ Extended N,M are solutions to (69,B17).
We re-write the Extended-AHM effective φ-sector Lagrangian (58) but now include the constraint from the Goldstone theorem (67,B15):
A crucial effect of the Goldstone theorem, together with the N = 0, M = 1 Ward-Takahashi Greens function identity (48) , is to automatically eliminate tadpoles in (70)
(; 00) = 0 (72) so that separate tadpole renormalization is un-necessary. We form the effective Goldstone mode φ-sector Lagrangian in coordinate space
Eqn. (73) is the φ-sector effective Lagrangian of the spontaneously broken extended-AHM in Lorenz gauge:
• It obeys the Goldstone theorem (67,B15) and all other U (1) Y WTI (48,66,67,69,B10,B15,B17,B18);
• It is minimized at (H = H , π = 0), and obeys stationarity [40] of that true minimum;
13 It is not lost on the authors that, since we derived it from connected amputated Greens functions (where all vacuum energy and disconnected vacuum bubbles are absorbed into an overall phase, which cancels exactly in the S-matrix [40, 41] ), the vacuum energy in V Ef f ;Goldstone E−AHM ;φ in (73) is exactly zero.
• It preserves the theory's renormalizability and unitarity, which require that wavefunction renormal-
forbid any relevant operator corrections to H ;
• It includes all divergent O(Λ 2 ), O(ln Λ 2 ) and finite terms which arise, to all perturbative loop-orders in the full U (1) Y theory, due to virtual transverse gauge bosons, AHM scalars, ghosts, new scalars, and new fermions A µ ; h, π;ω, ω; Φ; ψ; respectively.
• The Goldstone theorem (67,B15) has caused all relevant operators in (73) to vanish! iii) Decoupling of heavy matter representations: We take all of the new scalars Φ and fermions ψ to be very heavy. For Beyond-AHM scalar(s)
we take
with q µ typical for a studied low-energy process. For pedagogical simplicity, we have chosen a single Φ representation with U (1) Y hypercharge Y Φ = Y φ = −1, but the analysis is easily extended [32] to other and multiple
with fermion U (1) Y hypercharges chosen so that the axial anomaly is zero. To remain perturbative, we keep the Yukawa couplings y φψ , y Φψ < ∼1, but take the Majorana masses-squared
We keep all Yukawas and masses real for pedagogical simplicity. Some comments are in order: • Marginal operators ∼ ln M iv) 1st decoupling theorem: SSB φ-sector connected amputated 1-φ-R T-Matrices. 
shows that the BEH pole-mass-squared arises entirely from SSB. Define
BEH;P ole is the gauge-independent observable BEH resonance pole-mass-squared. We now show that it is 14 We take O 1/Λ 2 ;Irrelevant E−AHM ;φ → 0 so to un-encumber our notation. not-FT. Since, in analogy with (10), the spectral density ρ 
The SSB extended-AHM φ-sector is therefore Goldstone Exceptionally Natural, with far more powerful suppression of fine-tuning than G. 't Hooft's no-FT criteria would demand. For the heavy scalar we consider a U (1) Y gauge singlet real scalar S, with (S → −S) Z 2 symmetry, M 2 S m 2 W eak , and S = 0. We add to the renormalized theory
Since S is a gauge singlet, it is also a rigid/global singlet. Its U (1) Y hypercharge, transformation and current
therefore satisfy all of the de-coupling criteria in Appendix B:
• Since it is massive, S cannot carry information to the surface z 3−surf ace → ∞ of the (all-space-time) 4-volume d 4 z, and so satisfies (B8);
• The equal-time commutators satisfy (B6)
• The classical equation of motion
restores conservation of the rigid/global U (1) Y extended current for φ-sector physical states, and satisfies (B5)
• The zero VEV S = 0 satisfies (B7);
The U (1) Y WTI governing the extended φ-sector transition matrix T 
The U (1) Y quark current and transformation properties are
ii) Beyond-AHM Dirac leptons:
The lepton U (1) Y current and transformation properties are
With these Standard Model quark and lepton hypercharges Y i , our U (1) Y WTI have zero axial anomaly.
We now prove applicability of our U (1) Y WTI: i.e. for connected amputated φ-sector Greens functions Γ y d H (i.e. in deference to the SM with its massive strongly-interacting hadronic pion), and we need only connected graphs, the light quarks u, d cannot carry information to the surface z 3−surf ace → ∞ of the (all-space-time) 4-volume d 4 z, and so satisfy (B8). In contrast, massless quarks could carry (on the light-cone) U (1) Y information to the z 3−surf ace → ∞, and would violate (B8), and so destroy the spirit, results and essence of our U (1) Y -WTI-based no-FT and heavy particle decoupling results here in Section III. Still, from the harm they do our global U (1) Y WTIs, we worry that the infrared structure of massless quarks might also harm U (1) Y local Slavnov-Taylor identities. 
• Charged Dirac lepton surface terms: Since it is massive m e = 1 √ 2 y e H , and we need only connected graphs, the electron e cannot carry information to the surface z 3−surf ace → ∞ of the (allspace-time) 4-volume d 4 z, and so satisfies (B8);
• Dirac neutrino surface terms: Since it is here taken massive m
y ν H (i.e. in deference to observed SM neutrino mixing), and we need only connected graphs, the light neutrino ν L cannot carry information to the surface z 3−surf ace → ∞ of the (all-space-time) 4-volume d 4 z, and so satisfies (B8). In contrast, a massless neutrino could carry (on the light-cone) U (1) Y information to the z 3−surf ace → ∞, and would violate (B8), and so destroy the spirit, results and essence of our U (1) Y -WTI-based no-FT and heavy particle decoupling results here in Section III. Still, from the harm it does our global U (1) Y WTIs, we worry that the infra-red structure of a massless neutrino might also harm U (1) Y local Slavnov-Taylor identities.
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Having satisfied all of the criteria in Appendix B, the U (1) Y WTI governing the extended connected amputated φ-sector T 
Since ν R is a gauge singlet, it is also a rigid/global singlet. Its hypercharge, U (1) Y transformation and current
• Since it has a Dirac mass, ν L cannot carry information to the surface z 3−surf ace → ∞ of the (allspace-time) 4-volume d 4 z, and so satisfies (B8);
• The equal-time quantum commutators satisfy (B6) BEH;P ole decoupling is in exact disagreement with [28] [29] [30] .
model that, although there are no massless particles in the (A 0 = 0, ∇· A = 0) "radiation gauge", there is a Goldstone theorem, and a true massless NGB, in the covariant ∂ µ A µ = 0 Lorenz gauge. T.W.B. Kibble then showed [52] that the results of experimental measurements are nevertheless the same in radiation and Lorenz gauges, and that the spectrum and dynamics of the observable particle states are gauge-independent.
A. SSB extended-AHM's physical particle spectrum excludes the NGBπ whose S-Matrix elements all vanish [32] We repeat here (and include further detail) the discussion from the companion Letter [32] in order that this paper be pedagogically self-contained, clear and complete.
The BRST-invariant Lagrangian for the extended-AHM in Lorenz gauge is (74), and L GaugeInvariant BeyondAHM ;ψ in (76) . i) Lagrangian governing dynamics of observable particles: We now identify the observable particle spectrum of Lorenz gauge extended-AHM by re-writing (111) in terms of a new gauge field
and transforming to the Kibble representation [31] • Gauge field
• Beyond-AHM fermion(s)
The extended-AHM Lagrangian, which governs the spectrum and dynamics of particle physics is
where the spin
For the Beyond-AHM scalar
ii) 4th decoupling theorem: extended-AHM B µ pole-mass [75] . The B µ mass-squared in (118) arises entirely from SSB
Dimensional analysis shows that the contribution of a state of mass/energy ∼ M Heavy to the spectral function ∆
Heavy , so that
Therefore the gauge-independent B µ observable polemass-squared
(with Kibble representationρ B AHM ) are Goldstone Exceptionally Natural, not fine-tuned.
iii) Decoupling of NGBπ, particle spectrum and dynamics [32] : It is crucial for SSB gauge theories [51, 52] to remember the additional gauge-fixing term inside (111)
The Lagrangian (124) is guarranteed to generate all of the results in Sections II and III, and Appendices A and B. In practice, this is done via the manifestly renormalizeable extended-AHM Lagrangian (124). G. Guralnik, T. Hagan and T.W.B. Kibble [51] , and T.W.B. Kibble [52] , showed that, in the Kibble representation in Lorenz gauge, the U (1) Y AHM quantum states factorize. In the analogous U (1) Y extended-AHM, and in the m 2 W eak /M 2 Heavy → 0 limit the analogous U (1) Y E-AHM also factorizes [32] Ψ A µ ; φ;ω, ω; Φ; ψ → Ψ P articles B µ ;H (125)
With ∂ 2 ω = 0; ∂ 2ω = 0, the ghosts ω andω are free and massless and de-couple in Lorenz gauge. Furthermore, the final gauge-fixing condition ∂ 2π = 0 in (124) forces the NGBπ to also be a free massless particle, which completely decouples from, and disappears from, the observable particle spectrum and its dynamics [51, 52] , and whose states factorize as in (125).
In the m 
What has become of our SSB U (1) Y Ward-Takahashi identities? Although the NGBπ has de-coupled, it still governs the SSB dynamics and particle spectrum of (126) [32] : it is simply hidden from explicit view. But that decoupling NGB still causes powerful hidden constraints on (126) to arise from its hidden shift symmetry [32] π →π + H θ for constant θ.
Our SSB U (1) Y WTIs, and all of the results of Section II, Section III, Appendix A and Appendix B are also hidden but still in force: connected amputated Greens functions Γ N,M (48,B18); connected amputated T-Matrix elements T N,M (69,B17); Adler self-consistency conditions (66,B10) together with their proof of IR finiteness; Goldstone theorem (67,B15); 1-soft-π theorems (69,B10,B17); decoupling theorems for Green's functions and T-Matrix elements (79,80); and the decoupling theorem for the BEH pole-mass-squared m 2 BEH;P ole (84). These still govern the SSB dynamics and particle spectrum of (126): they are simply hidden from explicit view. We call them "Hidden U (1) Y Ward-Takahashi identities of the SSB Abelian Higgs model". particles. This fact is hidden, from the observable particle spectrum of the U (1)Y extended-AHM and its dynamics, by the decoupling of the NGBπ
We now take all of the new scalarsΦ and fermions ψ in the extended-AHM to be very heavy, and are only interested in low-energy processes:
where q µ is a typical momentum transfer. In the limit m 
has caused a fine-tuning problem, and raised the BEH massed-squared to the heavy scale:
Heavy . We now show that this is not the case. i) 5th decoupling theorem: SSB Abelian Higgs model: Eqn. (129) lies entirely within the φ-sector of the extended theory, and is therefore subject to all of the results of Sections II and III, and Appendices A and B. Therefore we know, instead, that the BEH polemass-squared (84) arises entirely from SSB and (un-extended) AHM decays. We also know that • Marginal operators ∼ ln M ii) Gauge-independence of our results [32] : S.-H. Henry Tye and Y. Vtorov-Karevsky [74] proved that, displayed in the Kibble representation, λ 2 φ , H 2 and the AHM effective potential,
are all-loop-orders gauge-independent. The renormalized gauge-coupling-constant-squared at zero momentum e 2 ≡ e 2 (0) is gauge-independent. With our 5 decoupling theorems (79,80,84,123,132), so are λ (130), and the B µ pole-mass-squared (123). These all appear in the decoupled particle physics (126) of extended-AHM.
iii) Observable gauge-independent BEH mass: Slavnov-Taylor identities guarrantee that the on-shell TMatrix-element definition of the experimentally observable BEH mass-squared
is gauge-independent to all-loop-orders. But in Lorenz gauge we have the specific instance
withρ BEH AHM in the Kibble representation. Therefore the experimentally observable BEH mass, in extended-AHM, is the BEH pole-mass
and is gauge-independent to all-loop-orders.
V. BWL & GDS: NOTRE VISIONÁ TRAVERS LE PRISME DE LA RIGUEUR MATHÉMATIQUE QÚ IMPOSAIT RAYMOND STORA
Raymond Stora regarded Vintage-QFT as incomplete, fuzzy in its definitions, and primitive in technology. For example, he worried whether the off-shell T-Matrix could be mathematically rigourously defined to exist in Lorenz gauge: e.g. without running into some infra-red (IR) sublety. This, even though we prove here the IR finiteness of the φ-sector on-shell T-Matrix.
Although he agreed on the correctness of the results presented here, Raymond might complain that we fall short of a strict mathematically rigourous proof (i.e. according to his exacting mathematical standards). He reminded us that much has been learned about QFT, via modern path integrals, in the recent ∼ 45 years. In the time up to his passing, he was intent on improving this work by focussing on 3 issues:
• Properly defining and proving the Lorenz gauge results presented here, but with modern path integrals;
• Tracking our central results (i.e. no-FT and heavyparticle decoupling) directly to SSB, via BRST methods, in an arbitrary manifestly IR finite 't Hooft R ξ gauge: i.e. proving to his satisfaction that they are not an artifact of Lorenz gauge;
• Tracking our central results directly to those Slavnov-Taylor IDS governing the SSB Goldstone mode of the BRST-invariant extended-AHM Lagrangian.
Any errors, wrong-headedness, mis-understanding, or mis-representation appearing in this paper are solely the fault of BWL and GDS.
VI. CONCLUSION: HISTORICALLY, COMPLETE DECOUPLING OF HEAVY INVISIBLE PARTICLES IS THE USUAL PHYSICS EXPERIENCE
We showed, in Sections III, IV and Appendix B, that the low-energy weak-scale effective SSB extended-AHM Lagrangian is protected, by new "hidden" rigid/global SSB U (1) Y WTIs and a hidden Goldstone theorem, against contributions from certain heavy M BEH;P ole ) are therefore not fine-tuned, but instead Goldstone Exceptionally Natural, with far more powerful suppression of fine-tuning than G. 't Hooft's naturalness criteria [23] would demand.
What is remarkable is that heavy particle decoupling and Goldstone Exceptional Naturalness are obscured/hidden from the physical particle spectrum (126) and its dynamics. The decoupling of the NGBπ has famously spared the AHM an observable massless particle [49] [50] [51] . But it has also hidden, from that physical particle spectrum and dynamics, our U (1) Y WTI (48, 66, 67, 69 , B10, B15, B17, B18), and their severe constraints on the effective low-energy extended-AHM Lagrangian. In particular, the weak-scale extended-AHM SSB gauge theory has a hidden U (1) Y shift symmetry, for constant θπ But such heavy-particle decoupling is historically (i.e. except for high-precision electro-weak S,T and U [31, 54, 76] ) the usual physics experience, at each energy scale, as experiments probed smaller and smaller distances. After all, Willis Lamb did not need to know the top quark or BEH mass in order to interpret theoretically the experimentally observed O(m e α 5 ln α) splitting in the spectrum of hydrogen.
Such heavy-particle decoupling may be the reason why the Standard Model [71, 72] , viewed as an effective lowenergy weak-scale theory, is the most experimentally and observationally successfull and accurate theory of Nature known to humans, i.e. when augmented by classical General Relativity and neutrino mixing: that "Core Theory" [77] In this Appendix A, we present the full detailed derivations of our U (1) Y WTI for the SSB AHM. For pedagogical completeness, we reproduce all details of the entire argument.
• This paper is interested in building the effective φ potential, and showing no-fine-tuning of the BEH mass.
• A companion Letter [32] focusses instead on the WTI themselves, showing that AHM physics has more symmetry than the AHM effective Lagrangian.
We focus on the rigid/global current J µ AHM of the Abelian Higgs model, the spontaneously broken gauge theory of a complex scalar φ =
e iπ/ H , and a massive U (1) Y gauge field A µ .
The classical equations of motion reveal the crucial fact: due to gauge-fixing terms in the BRST-invariant Lagrangian, the classical axial-vector current (A1) is not conserved. In Lorenz gauge
with F A the gauge fixing function. Still, the physical states A µ ; h, π of the theory (but not the BRST-invariant Lagrangian) obey F A = 0. In Lorenz gauge, A µ is transverse andπ is a massless Nambu-Goldstone Boson (NGB). The purpose of this Appendix A is to derive a tower of quantum U (1) Y Ward-Takahashi identities, which exhausts the information content of (A2), and severely constrains the dynamics (i.e. the connected time-orderd products) of the physical states of the spontaneously broken Abelian Higgs model. 1) We study a total differential of a certain connected time-ordered product
Connected written in terms of the physical states of the complex scalar φ. Here we have N external renormalized scalars h = H − H (coordinates x, momenta p), and M external (CP = −1) renormalized pseudo-scalars π (coordinates y, momenta q).
2) Conservation of the global U (1) Y current for the physical states: Strict quantum constraints are imposed, which force the relativistically-covariant theory of gauge bosons to propagate only its true number of quantum spin S = 1 degrees of freedom: these constraints are implemented by use of spin S = 0 fermionic FadeevPopov ghosts (ω, ω) and, in Lorenz gauge, S = 0 massless π. Physical states and their connected time-ordered products, but not the BRST-invariant Lagrangian, obey [48] the gauge-fixing condition
which restores conservation of the rigid/global U (1) Y current for physical states
It is in this "time-ordered-product" sense that the "physical" rigid global U (1) Y current J µ AHM is "conserved", and it is this conserved current which generates 2 towers of quantum U (1) Y WTI. These WTI severely constrain the dynamics of the φ-sector.
3) Vintage QFT and canonical quantization: Equal-time commutators are imposed on the exact renormalized fields, yielding equal-time quantum commutators at space-time points y, z.
Field normalization follows from the non-trivial commutators
4) Certain surface integrals vanish: As appropriate to our study of the massless π, we use pion pole dominance to derive 1-soft-pion theorems, and form the surface integral
where we have used Stokes theorem, and z 3−surf ace µ is a unit vector normal to the 3−surf ace. The time-orderedproduct constrains the 3 − surf ace to lie on, or inside, the light-cone.
At a given point on the surface of a large enough 4-volume d 4 z (i.e. the volume of all space-time): all fields are asymptotic in-states and out-states, properly quantized as free fields, with each field species orthogonal to the others, and they are evaluated at equal times, making time-ordering un-necessary at (z 3−surf ace → ∞). Input the global AHM current (A1) to (A9), using ∂ µ H = 0
The surface integral (A10) vanishes because both (h, A µ ) are massive in the spontaneously broken U (1) Y AHM, with (m
2 ) respectively. Propagators connecting (h, A µ ), from points on z 3−surf ace → ∞ to the localized interaction points (x 1 ...x N ; y 1 ...y M ), must stay inside the light-cone, die off exponentially with mass, and are incapable of carrying information that far.
It is very important for "pion-pole-dominance" and this paper, that this argument fails for the remaining term in J µ AHM in (A1):
π is massless in the SSB AHM, capable of carrying (along the light-cone) long-ranged pseudo-scalar forces out to the 2-surface (z 2−surf ace → ∞): i.e. the very ends of the light-cone (but not inside it). That massless-ness is the basis of our pion-pole-dominance-based U (1) Y WTIs, which give 1-soft-pion theorems (A18), infra-red finiteness for m 2 π = 0 (A22), and a Goldstone theorem (A27). 5) Master equation: Using (A5,A8) in (A3) to form the right-hand-side, and (A10) in (A3) to form the lefthand-side, we write the master equation
where the "hatted" fields h(x n ) and π(y m ) are to be removed. We have also thrown away a sum of M terms, proportional to H , which corresponds entirely to disconnected graphs. 6) φ-sector connected amplitudes: Connected momentum-space amplitudes, with N external BEHs and M external πs, are defined in terms of φ-sector connected time-ordered products
The master eqn. (A12) can then be re-written
with the "hatted" momenta ( p n , q m ) removed in (A14), and an overall momentum conservation factor of (2π)
Special cases of (A13) are the BEH and π propagators
With an overall momentum conservation factor (2π) 4 δ 4 N n=1 p n + M m=1 q m , the φ-sector connected amplitudes are related to φ-sector connected amputated T-matrix elements
so that the master equation (A12) can be written
with the "hatted" momenta ( p n , q m ) removed in (A17), and an overall momentum conservation factor of (2π)
9) "Pion pole dominance" and "1-soft-pion theorems" for the T-matrix: Consider the "soft-pion limit"
where the π is hypothesized to be all-loop-orders massless, and written in the Källén-Lehmann representation [41] with spectral density ρ
The master equation (A12) then becomes
in the 1-soft-pion limit. As usual the "hatted" momenta ( p n , q m ) and associated fields are removed in (A20), and an overall momentum conservation factor
q m applied. The set of 1-soft-pion theorems (A20) have the form
relating, by the addition of a zero-momentum pion, an N + M + 1-point function to N + M -point functions.
10) The Adler self-consistency relations (but now for a gauge theory rather than global SU (2) L × SU (2) R [67, 68] are gotten by putting the remainder of the (A20) particles on mass-shell
which guarrantees the infra-red (IR) finiteness of the φ-sector on-shell T-matrix in the SSB AHM gauge theory in Lorenz gauge, with massless π in the 1-soft-pion limit. These "1-soft-pion" theorems [67, 68] force the T-matrix to vanish as one of the pion momenta goes to zero, provided all other physical scalar particles are on mass-shell. Eqn. (A22) asserts the absence of infrared divergences in the physical-scalar sector in Goldstone mode. "Although individual Feynman diagrams may be IR divergent, those IR divergent parts cancel exactly in each order of perturbation theory. Furthermore, the Goldstone mode amplitude must vanish in the soft-pion limit [36] ".
11) 1-(h, π) Reducibility (1-φ-R) and 1-(h, π) Irreducibility (1-φ-I): With some exceptions, the φ-sector connected amputated transition matrix T N,M can be cut apart by cutting an internal h or π line, and are designated 1-φ-R. In contrast, the φ-sector connected amputated Green's functions Γ N,M are defined to be 1-φ-I: i.e. they cannot be cut apart by cutting an internal h or π line.
Both T N,M and Γ N,M are 1-(A µ )-Reducible (1-A µ -R): i.e. they can be cut apart by cutting an internal transverse-vector A µ gauge-particle line.
12) φ-sector 2-point functions, propagators and a 3-point vertex: The special 2-point functions T 0,2 (; q, −q) and T 2,0 (p, −p; ), and the 3-point vertex T 1,2 (q; 0, −q), are 1-φ-I (i.e. they are not 1-φ-R), and are therefore equal to the corresponding 1-φ-I connected amputated Green's functions. The 2-point functions
are related to the (1h, 2π) 3-point hπ 2 vertex
by a 1-soft-pion theorem (A20)
13) The Goldstone theorem, in the spontaneously broken AHM in Lorenz gauge, is a special case of that SSB gauge theory's Adler self-consistency relations (A22) H T 0,2 (; 00) = 0 H Γ 0,2 (; 00) = 0
proving that π is massless. That all-loop-orders renormalized massless-ness is protected/guarranteed by the global U (1) Y symmetry of the physical states of the gauge theory after spontaneous symmetry breaking.
φ-sector T-Matrix with one soft π(q µ = 0) attached to an external-leg: Figure 1 shows that
where we used (A26). Now separate
so that B.W. Lee [36] gave an inductive proof for the corresponding recursive SU (2) L × SU (2) R WTI in the global Gell-Mann Levy model with PCAC [14] . Specifically, he proved that, given the global SU (2) L × SU (2) R analogy of (A30), the global SU (2) L × SU (2) R analogy of (A31) follows. This he did by examination of the explicit reducibility/irreducibility of the various Feynman graphs involved. , solid lines π, dashed lines h, with n+m < N +M . 1 (zero-momentum) soft pion emerges in all possible ways from the connected amputated Green's functions. Γ E−AHM n,m is 1-A µ -R by cutting an A µ line, and also 1-Φ-R by cutting a Φ line. Fig. 2 is the extended-AHM analogy of B.W. Lee's Figure 11 [36] . The same graph topologies, but without internal Beyond-AHM Φ, ψ heavy matter, are used in the proof of (A31) for the (unextended) AHM.
That proof also works for the U (1) Y SSB AHM, thus establishing our tower of 1-φ-I connected amputated Green's functions' recursive U (1) Y WTI (A31) for a local/gauge theory.
Rather than including the lengthy proof here, we paraphrase [36] where we used (A27), so that tadpoles all vanish automatically, and separate tadpole renormalization is unnecessary. Since we can choose the origin of coordinates anywhere we like 0|h(x)|0 Connected = 0 (A34) 17) Renormalized gauge-independent observable H . But it gives a detailed pedagogical account of the appearance of the Goldstone theorem and true massless NambuGoldstone bosons in global theories, and is recommended reading. We include a translation guide in Table 1 . The classical equations of motion reveal that, due to gauge-fixing terms in the BRST-invariant Lagrangian, the classical current (B1) is not conserved. In Lorenz gauge
with F A the gauge fixing function. The purpose of this Appendix is to derive a tower of U (1) Y extended WTIs, which exhausts the information content of (B2), and severely constrains the dynamics (i.e. the connected time-ordered products) of the physical states of the SSB extended-AHM. We make use here of all of the results in Appendix A concerning J µ AHM . 1) We study a certain total differential of a connected time-ordered product:
×h(x 1 )...h(x N )π ( y 1 )...π(y M ) |0
2) Conservation of the global U (1) Y current for the physical states: Strict quantum constraints are imposed, which force the relativistically-covariant theory of a massive transverse gauge boson to propagate only its true number of quantum spin S = 1 degrees of freedom. Physical states and their time-ordered products, but not the BRST-invariant Lagrangian, obey the gauge-fixing condition F A = ∂ β A β = 0 in Lorenz gauge [48] 0|T ∂ β A β (z)
×h ( Only certain U (1) Y matter particles Φ, ψ obey this condition.
• Renormalized H is defined to match the (unextended) AHM. Our extended U (1) Y WTI therefore require that all of the new spin S = 0 fields in J µ BeyondAHM have zero vacuum expectation value (VEV):
Only certain U (1) Y matter particles Φ obey this condition.
4)
Certain connected surface integrals must vanish: As appropriate to our study of massless π, we again use pion pole dominance to derive 1-soft-pion the- proves that π is still massless in the extended-AHM, whose all-loop-orders renormalized massless-ness is protected/guarranteed by the global U (1) Y symmetry of the physical states of the extended-AHM gauge theory after SSB.
14) T
Extended;External N,M +1
are the 1-φ-R φ-sector connected amputated T-Matrix elements, with one soft π(q µ = 0) attached to an external-leg, as shown in 
